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In most of the models beyond the Standard Model, the top quark is expected to be polarized
when produced in the decay of some heavier particle, like the gluino or the stop. The polarization
is constructed, in an experiment or in simulations, through the distribution of top decay products.
Here, we propose an estimator of top quark polarization that depends only on the kinematics of
it’s mother particle, apart from its decay couplings to top quarks, and is given in terms of the
top polarization expected in the rest frame of the decaying particle. This estimator allows one
to estimate the top polarization without performing a full simulation. We find this estimator is
independent of the production angle of the mother, top decay angle (for unpolarized mother), and
the spin of the mother particle. We study the quality of the estimator with finite width of the
mother particle via examples of gluinos and stops decaying into top quark at LHC. We also point
out how for the mass spectra of gluinos and top squarks currently expected in a ‘natural’ scenario,
the polarization of the top quarks produced in the gluino decays can uniquely track the mixing angle
in the stop sector.
I. INTRODUCTION
The top quark is the heaviest known fundamental par-
ticle of the SM. The LHC produces top quarks copiously,
enabling a precision study of it’s properties [1–6]. The
importance of the studies of the top quark’s properties
lies not only in the validation of the SM in the top sector
but also in probing effects of any possible new physics
(NP). Since the mass of the top quark is close to the EW
symmetry breaking scale, it is expected to play an im-
portant role in the electroweak symmetry breaking [7, 8].
One of the important properties of the top quark is that it
decays before hadronization sets in. This property makes
it possible to obtain information on top spin through the
kinematic distributions of the decay products [9–11].
The polarization of the produced top quark is deter-
mined by the production mechanism and hence varies
from process to process. For example, the polarization of
the top in the tt¯ production process is negligible due to
the parity conserving nature of the strong interaction – a
purely vector interaction. The top polarization in tt¯ pro-
duction is about 0.4% for 14 TeV LHC, at NLO in QCD
with 1-loop weak and QED corrections. This is the value
in the so called helicity basis where the spin quantiza-
tion axis is along the direction of motion of the top [12].
On the other hand, the weak interaction mediated top
production process, the single top production, produces
highly polarized top quarks due to the V −A nature of the
interaction. For example, in the spectator basis, where
the top spin quantization direction is taken along the di-
rection of the light quark jet that scatters away from the
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top quark, the single top production process produces a
top polarization of about −0.99 [13, 14], at leading order.
In the helicity basis, in the center of mass frame of the
top quark and the spectator jet, the single top polariza-
tion is about 0.99, at leading order [13, 14]. Polarized
top quarks can also be produced in processes of various
Beyond the Standard Model (BSM) scenarios, such as,
minimal supersymmetric standard model (MSSM) [15–
19], R-parity violating MSSM [20, 21], warped extra di-
mensions [22, 23], little Higgs [24] etc. Any new physics
affecting the top production and which is chiral in nature
can affect the polarization of the top. Hence, top polar-
ization can be used as a signature of new physics in the
top production [17, 18, 23–37].
In many of the BSM scenarios mentioned above, the
top quark can be produced through the decays of some
heavy particle postulated therein [15, 17–19]. In these
cases, the top polarization is determined in the rest frame
of the mother particle by dynamical parameters of the
interactions that are responsible for the decay of the
mother particle and is given by a simple analytical ex-
pression. However, in the frame where the top polariza-
tion is measured, laboratory frame (say), the decaying
mother particle is not at rest, in general1. Since the top
helicity states are not invariant under arbitrary Lorentz
transformations the top polarization measured in the lab-
oratory (lab) frame is not the same as the one given in
the rest frame of the mother particle. The two values are
1 Measurement of top polarization in the laboratory frame has
the advantage that it does not require the reconstruction of the
rest frame of the top quark. An estimation of top polarization
that would be observed in the laboratory frame is useful in the
construction of appropriate top spin observables. Our work il-
lustrates some of the important issues in the estimation of lab
frame top polarization.
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2related by a kinematical factor which, in general, would
depend on the direction and magnitude of the Lorentz
boost required to reach the lab frame (or any frame where
the mother particle is moving) from the rest frame of the
mother particle. In this work we determine the kine-
matic factor and provide its explicit analytical expres-
sion, assuming that the mother particle is unpolarized
and has a narrow width. We choose two processes where
the top is produced through the decay of another parti-
cle: pp → g˜g˜ → g˜tt˜∗1, and pp → t˜∗1 t˜1 → t˜∗1tχ˜01. These
processes can be written in a general form:
pp→ A+A→ A+ (t+B) (1)
where A is the heavy particle which decays2 as A→ t+B.
For these processes, we provide an estimator of top po-
larization Pestimator which can give an estimate of top
polarization without simulating the heavy particle de-
cay and using simply the kinematical distribution of the
mother particle A. This estimator can be written as a
convolution of the top polarization in the rest frame of
the mother particle which is determined by the kinematic
and dynamical factors mentioned above, and the velocity
distribution of the mother particle in that frame. Since
the velocity distribution of the mother particle is deter-
mined by the (parton distribution function) PDF factors
of the pp collision, this estimate of the top polarization
can be understood as a weighted average of top polariza-
tion over the entire sample of events.
Pestimator ≡ 1
σAA
∫
dσAA
dβA
P(βA). (2)
Here, σAA is the cross section for the pair production of
A in the process: pp→ AA¯ and βA is the velocity of A in
the given frame. In the following discussions we choose
this frame to be either the lab frame or the parton cen-
ter of mass (PCM) frame. We find that P(βA) in any
chosen frame depends not on the direction of emission of
the unpolarized mother particle A in that frame but only
the magnitude of its velocity. We find that the estima-
tor gives a good approximation of the true value of top
polarization when the events are dominated by events
where the mother particle is on-shell. When the sample
of events is dominated by off-shell decays of the mother,
a good estimation of top polarization can be obtained, in
the case of scalar mother, by assuming that the mass of
the mother is distributed as Breit-Wigner distribution.
We find that this does not work very well for the case
of spin-1/2 mother particle and we explain the reason
behind it.
We choose these examples of gluino/stop pair produc-
tion and their decay for their phenomenological impor-
tance, as explained in the following. After the LHC
2 We mostly assume that the unstable particle A has a narrow
width i.e., ΓA/MA  1 and also that the masses of A,B, t are
widely separated, but later generalize to the case where the nar-
row width approximation is lifted for the particle A.
discovery of a light Higgs with SM-like couplings and a
mass about 125 GeV [38, 39], questions on the natural-
ness in the Higgs sector of the SM have become urgent.
Given the light Higgs mass of 125 GeV, models within
the framework of MSSM, typically require, a large stop
mixing, stop mass eigenstates with masses ∼ 1 TeV , and
a heavy gluino [40–42]. However, Higgs sector can be
also natural and be consistent with the observation of a
light Higgs, in models where one of the two stop mass
eigenstates is light (0.5 − 1.0 TeV) and the other one is
heavy (∼ 1.0 TeV) [43–45]. When one of the stop mass
eigenstates is light and when gluinos are not too heavy
so that their production cross section remains accessible
at the LHC, the corresponding model parameters can be
probed at the LHC through the polarization of top quarks
produced in their decays. The top quark produced in the
decay of a gluino or a stop is expected to be polarized be-
cause of the chiral nature of its coupling with the gluino
or the stop, since the mass eigenstate t˜1 (say) is an ar-
bitrary mixture of t˜L and t˜R and the neutralino χ˜
0
1 is an
arbitrary mixture of higgsino and gaugino.
In the decays of a gluino where a top is produced,
g˜ → t˜∗1t and g˜ → t˜∗2t, the polarization of the top pro-
duced is a direct measure of the stop mixing angles, as
we shall show in Section II. On the other hand, when
the top is produced from the decay of a stop, the top
polarization in the stop rest frame depends not only on
the stop mixing angle but also on gaugino and higgsino
content of the neutralino [15, 18, 46, 47]. Hence, it is
interesting to calculate top polarization in gluino decays
though the cross sections may be smaller as the limits
on gluino masses have already touched ∼ TeV. The stop
decays, on the other hand, can have higher cross sec-
tions as the LHC data allows them to be much lighter
compared to a gluino, though the top polarization now
depends additionally on parameters such as mixing in the
neutralino sector. Hence, we consider in this work both
the decays and calculate in each case the top polarization
as a function of model parameters.
This paper is organized as follows. Section II discusses
the evaluation of top polarization in the rest frames of
a gluino and a stop respectively. Section III describes
the formalism of our work and a derivation of our main
result. Section IV describes the procedure to obtain the
top polarization at the level of pp collisions. In Section V
we describe the numerical work with which we validate
our analytical result. We conclude in Section VI and
present some of the calculational details in the appendix.
II. TOP POLARIZATION IN THE REST
FRAME OF THE DECAYING PARTICLE
A. Gluino decay
The gluino decay mode of interest are the ones involv-
ing the top quark: g˜ → tt˜∗1 and g˜ → tt˜∗2. Here t˜1 and t˜2
are the lighter and the heavier of stop mass eigenstates,
3respectively. The interaction of a top, a gluino and a stop
mass eigenstate depends only on the stop mixing angle
θt˜, when mixing with first two generations is neglected.
The stop mixing angle relates the two mass eigenstates
of the stop (t˜1, t˜2) to their interaction eigenstates t˜L and
t˜R:
t˜1 = cos θt˜t˜L + sin θt˜t˜R, (3)
t˜2 = − sin θt˜t˜L + cos θt˜t˜R.
The interaction of the stop with the gluino and the top is
given by the following Lagrangian, again in the approx-
imation that there is no flavor-mixing between the first
two generations and the third generation:
Lt˜g˜t = −
√
2g3
{
t¯[W3iPR −W6iPL]T ag˜at˜i
}
+ h.c. (4)
In the above expression, g3 denotes the strong coupling
constant, i = 3, 6 the stop mass eigenstates (t˜1, t˜2),
a = 1, · · · 8 the adjoint SU(3)c indices and PL, PR the
chirality projecting operators. The color indices of the
top and the stop mass eigenstates have been suppressed.
The sfermion mixing matrix is denoted by W and it’s
elements are:
W33 = W66 = cos θt˜, W36 = −W63 = sin θt˜ (5)
where θt˜ is the stop mixing angle. To derive the expres-
sion for top polarization in the gluino rest frame, one
begins by writing down the amplitude for the process
and evaluating the partial width Γλ of the gluino decay-
ing into a stop and a top with a helicity λ. Then the
top polarization in the gluino rest frame is given by the
formula:
P0 = Γ
+ − Γ−
Γ+ + Γ−
. (6)
The amplitudes for the gluino decay g˜ → tt˜∗1 is as follows:
M(g˜ → t˜1t) = −
√
2 g3 T
a (7)
× u¯(pt, λt)(cos θt˜PR − sin θt˜PL) u(pg˜, λg˜)
where λt and λg˜ denote the helicities of the top, and the
gluino, respectively and ta is the color factor. Squaring
the amplitude and taking average over helicities and color
indices of initial state particles and summing over the
color indices of the top and the stop, we get
Γλ ∝ g
2
3
6
[
(m2g˜ −m2t˜ +m2t − 2mg˜mt sin 2θt˜)
−2λ cos 2θt˜ K1/2(m2g˜,m2t˜ ,m2t )
]
. (8)
In the above expression, K(x, y, z) = x2 + y2 + z2 −
2xy − 2yz − 2zx. Introducing the notation ξt = m2t/m2g˜
and ξt˜1 = m
2
t˜1
/m2g˜, we get
P0 =
−K1/2(1, ξt, ξt˜1) cos 2θt˜
1− ξt˜1 + ξt − 2
√
ξt sin 2θt˜
. (9)
This choice of using top helicity states for spin states
corresponds to the so-called helicity basis for the top po-
larization. We use this basis throughout this work.
B. Stop decay
The stop can decay in a number of modes, e.g., t˜1 →
χ˜0i t, and t˜1 → χ˜+i b etc. We consider the decays where
a top quark is produced: t˜1 → tχ˜0i and t˜2 → tχ˜0i (i =
1, · · · , 4). The vertex corresponding to the decay of a
stop mass eigenstate, t˜1,2 → tχ˜01, is given by the following
Lagrangian,
Lt˜χ˜0t = χ˜01
[
GLPL +G
RPR
]
t˜†1t+ h.c. (10)
The GL and GR in the above equation are as follows:
GL = − g2√
2
(N12 +
1
3
tan θWN11) cos θt˜ − YtN14 sin θt˜
GR = −YtN∗14 cos θt˜ + g2
(
2
√
2
3
tan θWN11 sin θt˜
)
(11)
where g2 and Yt are the SU(2)L and top Yukawa cou-
plings, respectively and θW is the Weak mixing angle.
Nij , (i, j = 1, · · · , 4) in the above equation are the ele-
ments of the 4 × 4 neutralino mixing matrix. Note that
the top quark is in the final state. This means that GL
and GR correspond to the couplings of left and right chi-
ral top quarks, respectively. The neutralino mixing ma-
trix is the diagonalizing matrix of the mass matrix of the
neutral gauginos (the bino, the wino) and the neutral
higgsinos.
The expression for polarization of top quark produced
in the process t˜1 → tχ˜01, evaluated in the stop rest frame
is given in [15, 18, 19, 46, 47]. We sketch the derivation of
expression for top polarization in the stop rest frame for
sake of completeness. The amplitude for the stop decay
t˜1 → tχ˜01 is given by:
M(t˜1 → tχ˜01) = u¯(pt, λt)
[
GLPR +G
RPL
]
v(pχ˜, λχ˜).
(12)
Computing Γ±, the partial width of the stop decaying
into a neutralino and a top with a helicity λ = ± and us-
ing the expression Eq. (6), we get the required expression
for the top polarization in stop rest frame as:
P0 = (|G
R|2 − |GL|2) K1/2(1, ηt, ηχ˜)
(|GR|2 + |GL|2)(1− ηt − ηχ˜)− 4√ηtηχ˜ Re(GLGR∗)
(13)
where ηt = m
2
t/m
2
t˜1
and ηχ˜ = m
2
χ˜01
/m2
t˜1
.
C. Polarization and mixing angles
Discussions of using polarization of the top quark
produced in stop/sbottom decays t˜1 → tχ˜01 and b˜i →
tχ˜−j (i, j = 1, 2) to probe the mixing angle in the
stop/sbottom sector exist in literature (see, for exam-
ple, Refs. [15, 17, 48, 49]). But, as one can easily see
from Eq. (9), top polarization in the gluino decays can
probe the mixing angle in the stop sector irrespective
of the mixing in the neutralino sector, given a value of
4parameter BP1 BP2 BP3
mg˜ 2290 2291 608
mχ˜01
248 248 97
mt˜1 498 493 400
Γg˜ 235 203 5.5
Γt˜1 2.4 6.0 2.0
sin θt˜ 0.0644 0.9979 0.8327
cos θt˜ 0.9979 0.0642 0.5536
N11 0.0953 -0.0988 0.9863
N12 -0.0637 0.0619 -0.0531
N14 -0.6939 0.6937 -0.0531
yt 0.8507 0.8508 0.8928
TABLE I. The benchmark points used in this work. Masses
and widths of the particles are given in GeV.
∆mg˜ = mg˜ − mt˜1 . This is possible only when there is
a large mass difference between t˜1 and t˜2 . This can be
seen as follows. Equation (9) gives the expression for the
top polarization that is produced along with t˜1 in the
gluino decay. The corresponding expression for top po-
larization in the case of g˜ → t˜2t can be obtained by the
following interchange: sin θt˜ → cos θt˜, cos θt˜ → − sin θt˜
and mt˜1 → mt˜2 . This means that cos 2θt˜ → − cos 2θt˜
and sin 2θt˜ → − sin 2θt˜ which changes the sign of the top
polarization. If we count the tops from both g˜ → t˜1t and
g˜ → t˜2t and if both stops are degenerate we get unpolar-
ized tops. But, if there is a large mass difference between
the two stops the net top polarization can be nonzero.
When models in MSSM with a natural Higgs sector are
realized in nature, we expect a large mass difference be-
tween the two stop mass eigenstates, as mentioned before.
If we assume that the heavy stop t˜2 is heavier than the
gluino the tops can be polarized and this is the scenario
which we focus on in this paper. In the case of stop decay,
we consider decays of only light stop mass eigenstate t˜1
since it can be accessible at colliders and partly because
we focus on scenarios where the Higgs sector is natural.
Hence, we study polarization of the top produced in the
decay of a gluino into a top and t˜1, for a few benchmark
points. We also assume that the neutralino produced in
the stop decay is the lightest of the four neutralino states.
The bench mark points used for numerical simulations
are listed in Table I and corresponding top polarizations
are listed in Tables II and III for reference. Here we
have listed the rest frame polarization P0 along with the
lab frame value PMC obtained using full Monte-Carlo
simulations. The lab frame values are usually reduced in
magnitude due to change of quantization basis, as will be
discussed in the next section. The proposed polarization
estimators with narrow-width-approximation (PNW ) and
with Breit-Wigner folding (PBW ), which can be directly
compared to PMC , are also listed in Tables II and III for
comparisons and will be discussed in latter sections.
Benchmark → BP1 BP2 BP3
P0 −1.00 +1.00 +0.98
PMC −0.99 +0.99 +0.51
PNW −1.00 +1.00 +0.50
PBW −0.98 +0.98 +0.51
TABLE II. List of top polarization in gluino decay at
√
s = 13
TeV LHC calculated for three benchmark in gluino rest frame
P0, in the lab frame PMC and using estimators PNW and
PBW (see sections VI and V). The benchmark points BP1,
BP2, and BP3 are given in Table I.
Benchmark → BP1 BP2 BP3
P0 +0.92 −0.93 +0.97
PMC +0.61 −0.60 +0.65
PNW +0.61 −0.60 +0.65
PBW +0.61 −0.60 +0.65
TABLE III. List of top polarization in stop decay at
√
s = 13
TeV LHC. Rest of the details are same as in Table II.
III. GENERAL FORMALISM
The cross section for the process in Eq. (1) can be
written as
σ =
∑
q1,q2
∫
dx1dx2 fq1/p(x1)fq2/p(x2)
× σˆ(q1q2 → AA→ A+ t+B) (14)
where the sum extends over all the parton flavors, q1
and q2. Since the top quark also decays, we can access
its polarization through angular distribution of its decay
products in the rest frame of the top quark. In the semi-
leptonic decay of the top quark, the direction of motion
of the charged lepton is 100% correlated with the top
polarization, at leading order. In the top rest frame, we
have:
1
Γ
dΓ
d cos θ`
=
1
2
(1 + P0 α` cos θ`). (15)
The coefficient α in the above equation is called the spin
analyzing power and it is maximal for the charged lepton
(α` = 1 at the LO of the SM). The value of P0 depends on
the choice of quantization axis of the top quark. When
the top spin quantization axis taken as its direction of
motion in the rest frame of the gluino or the stop, the
value of P0 is given by Eqs. (9) and (13) respectively.
The full amplitude of the process under consideration
5is given by the following expression:
M∼M′(p1p2 → AA)α
(
/pA +mA
(p2A −m2A) + imAΓA
)
α′α
×M′(A→ tB)βα′
(
/pt +mt
(p2t −m2t ) + imtΓt
)
β′β
×M′(t→ b¯`ν)β′ (16)
where the prime indicates that the amplitudes do not
have their external fermion wave functions which are part
of the propagators, the Greek indices denote the compo-
nents of Dirac matrices and repeated indices are summed
over. Squaring the amplitude and summing/averaging
over the spins and color indices of the external states
(which are suppressed in these expressions) gives the
propagator factors of the form
1
(p2A −m2A)2 +m2AΓ2A
. (17)
When the width of a particle is much smaller than its
mass, the narrow width approximation (NWA) can be
used which consists of the following replacement for the
propagators:
1
(p2 −m2A)2 + Γ2Am2A
→ pi
mAΓa
δ(p2 −m2A)θ(p0) (18)
Similar replacements can be made for all the other inter-
mediate particles, including the top quark. Under this
approximation, the production of a particle and its de-
cay are separated as factors with spin-correlations. This
is made possible, in the narrow width approximation,
because of the following relation for the numerator of a
propagator (for a spin-1/2 particle)
/p+m =
∑
λ
u(p, λ)u¯(p, λ) (19)
where λ denotes the helicity state of the particle, defined
with respect to the momentum p (its spin quantization
axis). Using this relation in the numerator of Eq. (16),
we get,
Mnum ∼
∑
λA,λt
u¯(pA, λA)M′num(p1p2 → AA)
× u¯(pt, λt)M′num(A→ tB)u(pA, λA)
× M′num(t→ b¯`ν)u(pt, λt) (20)
=
∑
λA,λt
Mnum(p1p2 → AA)λAMnum(A→ tB)λA,λt
×Mnum(t→ b¯`ν)λt (21)
Squaring the amplitude M and performing the replace-
ments of Eq. (18), in the case of gluino (A = g˜), we get
σˆ(sˆ) =
∫
dΩ
∑
{λ}
(
dσˆg˜g˜
dΩ
)
λg˜λ′g˜
(
dΓg˜
Γg˜
)λg˜λ′g˜
λtλ′t
(
dΓt
Γt
)
λtλ′t
(22)
at the parton level. Similar parton level calculations in
the case of stop yields a simpler expression, given as:
σˆ(sˆ) =
∫
dΩ
∑
{λ}
dσˆt˜t˜
dΩ
(
dΓt˜
Γt˜
)
λtλ′t
(
dΓt
Γt
)
λtλ′t
. (23)
In these expressions, the parton level differential cross
section (density matrix) for the pair production of gluinos
is denoted by (dσˆg˜g˜/dΩ)λg˜λ′g˜
. The spin indices (helici-
ties, in our case) of all other intermediate particles are
summed over.
When the gluino is unpolarized, as it would be in the
case of QCD production, the production cross section
(density matrix) for gluino pairs (see Eq. (22)) can be
written as (dσˆg˜g˜/dΩ)λg˜,λ′g˜ = (dσˆg˜g˜/dΩ) (δ
λg˜λ
′
g˜/2) where
λg˜, λ
′
g˜ are the helicity states of the intermediate gluino.
On summing over gluino helicities, the differential cross-
section of gluino pair production becomes a multiplica-
tive factor in just the same way as dσˆt˜t˜/dΩ does in the
case of stop decay (Eq. (23)). We emphasize here that
the helicities are defined in the frame in which the top
polarization needs to be defined. We first take the frame
in which Eq. (22) and Eq. (23) are defined to be the
corresponding parton center of mass (PCM) frame. This
frame can be reached from the top rest frame in two ways:
(i) a direct Lorentz boost along the direction of top in the
PCM frame, (ii) a Lorentz boost to the rest frame of the
mother particle along the direction of top momentum in
that frame followed by a Lorentz transformation to the
PCM frame which is, in general, not in the direction of
top momentum. As result, the helicity states of the top
in the two cases are not identical. This affects the value
of top polarization measured in the PCM frame. It turns
out that the helicity states of the top in the latter case
can be written as a rotation of the helicity states defined
in the PCM frame. Note that this procedure is also ap-
plicable to the calculation of top polarization in the lab
frame. However, the top polarization in lab frame can
be obtained without going through the parton center of
mass frame, as will be discussed in Section IV.
A. Helicity and Lorentz boosts
As mentioned before, the helicity of a particle is not
invariant under Lorentz boosts in general. The helicity
state |p, λ〉 transforms under a Lorentz boost as
|p, λ〉 = Rλλ′ |p′, λ′〉 (24)
where |p′, λ′〉 is the helicity state of the particle after the
Lorentz boost has been applied [50]. The helicity states
|p, λ〉 are constructed from the eigen states of spin in the
rest frame of the particle by a series of transformations:
|p, λ〉 = Rz(φ)Ry(θ)Λz(β)|m, sz = λ〉, where θ, φ and
β are the angles and the velocity of the particle. With
this convention for helicity states, the coefficients Rλ,λ′ in
6Eq. (24) can be given in the following form of a rotation
matrix
R = Rz(−χ)Ry(−ω) (25)
where, χ and ω are some angles which depend on the
direction and magnitude of the Lorentz boost applied on
|p, λ〉. Expressions for χ and ω are given in Appendix A.
B. Gluino decay
In the rest frame of the gluino3 which decays into a top,
the differential decay width which appears in Eq. (22) is
given by∫ (
dΓg˜
Γg˜
)
λλ′
=
mg
64pi2Γg˜
4piαS
9
∫
d cos θg˜t dφ
g˜
t
×
[
δλλ′
(
1
2
(1− ξt˜ + ξt)−
√
ξt sin 2θt˜
)
− cos 2θt˜
√
ξtβγσ
3
λλ′
]
. (26)
ξt, ξt˜1 have been defined in Section II. The velocity
of the top in the above equation is given by β =
K1/2(1, ξt, ξt˜1)/(1 − ξt˜1 + ξt) and γ = 1/
√
1− β2. The
helicity states of the top quark λ, λ′ in the above equa-
tion are defined with respect to the top momentum in the
gluino rest frame. For top decaying in the semi-leptonic
channel t → b¯`ν (with narrow width approximation for
the top as well as the W boson) the differential decay
width is given by∫
dΓt
Γt
=
∫
dx`dΩ`
G2Fm
5
t x`(1− x`)
64pi3Γ¯W rtΓt
(δλλ′ + pˆ` · ~σλλ′)
(27)
where rt = m
2
t/m
2
W , Γ¯W = ΓW /mW , x` = 2E`/mt with
1/rt ≤ x` ≤ 1. The direction of the momentum of the
charged lepton from decay of the top, in the top rest
frame, is denoted in the above equation as pˆ`. Hence,
dΓg˜
Γg˜
PCM
= R
(
dΓg˜
Γg˜
)
R†, (28)
and
dΓt
Γt
PCM
=
dΓt
Γt
. (29)
The rotation matrix R in Eq. (28) is given in Eq. (25).
Substituting the expressions for the differential decay
3 We have taken z-axis of the lab frame coordinate system along
one of the beam directions and the x-axis in a plane containing
the top momentum and the beam axis and the y- axis along the
normal to this plane. The azimuthal angle of the top, in the
parton center of mass frame and in the lab frame φ = 0, due to
this choice of the coordinate system. All the angles that have
been mentioned so far correspond to this coordinate system.
widths for g˜ → tt˜∗1 and t → b¯`ν from Eqs. (26), (27),
we get
dσˆ
dx`d cos θt`dφt`
∝
∫
dσˆg˜g˜
dΩg˜
[
1 + P0 cosω cos θt` (30)
− P0 sinω sin θt` cos(φt` + χ)
]
× x`(1− x`) dΩg dΩg˜t .
where σˆ is the cross section for the full parton level pro-
cess q1q2 → g˜g˜ → g˜t˜∗1b¯`ν, P0 is the value of top polariza-
tion in the rest frame of the gluino.
Let I(β¯(sˆ)) = 12
∫
cosω d cos θg˜t . Integrating Eq. (30)
over all variables except θt`, we get
dσˆ
d cos θt`
= σˆg˜g˜(sˆ) B(g˜ → tt˜∗1) B(t→ b¯`ν)
×1
2
(1 + P0I(β¯) cos θt`) (31)
where σˆg˜g˜(sˆ) denotes the parton level cross-section for
pair production of gluinos. Note that the angle χ drops
out of Eq. (31). The coefficient of cos θt` can be inter-
preted as the polarization of the top as given by the lep-
ton angular distribution in the top rest frame. The he-
licity rotation angle ω is independent of the direction of
motion of the gluino in the parton center of mass frame
(see Appendix A), so is the polarization of the top. The
expressions for I(β¯) are as follows:
I(β¯) =
1
2β2β¯
[
2β¯ − (1− β2) log
(
1 + β¯
1− β¯
)]
(β > β¯)
=
1
2β2β¯
[
2β − (1− β2) log
(
1 + β
1− β
)]
(β < β¯)
(32)
Substituting the value of top velocity β in the gluino rest
frame, we get the following expression which is valid for
both cases, viz., β > β¯ and β < β¯:
P(β¯) = I(β¯)P0
=
P0
2β¯K
×
[
(1− ξt˜1 + ξt)
(
(K1/2 + β¯(1− ξt˜1 + ξt))
−|K1/2 − β¯(1− ξt˜1 + ξt)|
)
−4ξt log
(
∆1 +K
1/2 + β¯(1− ξt˜1 + ξt)
∆2 + |K1/2 − β¯(1− ξt˜1 + ξt)|
)]
(33)
where, K ≡ K(1, ξt˜1 , ξt) and ∆1,2 = (1 − ξt˜1 + ξt)(1 ±
ββ¯) = (1 − ξt˜1 + ξt) ± β¯K1/2(1, ξt˜1 , ξt). This expression
can also be written as
P(β¯) = P0
2β¯K
[
(1− ξt˜1 + ξt)
×
(√
∆21 − 4(1− β¯2)ξt −
√
∆22 − 4(1− β¯2)ξt
)
− 4ξt log
(
∆1 +
√
∆21 − 4(1− β¯2)ξt
∆2 +
√
∆22 − 4(1− β¯2)ξt
)]
. (34)
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FIG. 1. The top polarization as a function of ∆mg˜ = mg˜ −
mt˜1 , for two different values of the velocity of gluino: β¯ = 0.0
(top) and β¯ = 0.95 (bottom).
C. Stop decay
Analogous to Eq. (34), the expression for polarization
of the top, in the PCM frame where the mother stop is
moving with a velocity β¯ is the following:
P(β¯) = P0
2β¯K
[
(1 + ηt − ηχ˜)
×
(√
∆21 − 4(1− β¯2)ηt −
√
∆22 − 4(1− β¯2)ηt
)
− 4ηt log
(
∆1 +
√
∆21 − 4(1− β¯2)ηt
∆2 +
√
∆22 − 4(1− β¯2)ηt
)]
(35)
where ∆1,2 = 1+ηt−ηχ˜± β¯K1/2(1, ηt, ηχ˜). Eqs. (9) and
(13) show that P0 is a function of ∆mg˜/t˜1 and the mixing
angle θt˜. Thus, P depends not only on β¯ but also on the
mass difference and the mixing angle. Figs. 1 and 2 show
P as a function of ∆mg˜/t˜ for different choices of θt˜ and
β¯. In the stop case, the neutralino is assumed to be bino-
like with N11 ≈ 1, N12, N14 ≈ 0. The function I(β¯) for
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FIG. 2. Top polarization as a function of ∆mt˜ = mt˜1 −mχ˜01
for different values of the velocity of the stop (β¯): β¯ = 0.0
(top) and β¯ = 0.95 (bottom). The neutralino are bino-like.
N11 ≈ 1, N12, N14 ≈ 0, where Nij(i, j = 1, · · · , 4) denote the
neutralino mixing matrix elements.
small values of ∆mg˜/t˜, i.e. for small values of β (velocity
of the top in the rest frame of the mother particle) varies
as β/β¯ according to Eq. (32). For large values of ∆mg˜/t˜
such that β > β¯, I(β¯) goes as 1/β2 which remains close
to unity. Hence, I(β¯) in these cases changes rapidly as
a function of ∆mg˜/t˜ and approaches its limiting value
asymptotically as ∆mg˜/t˜ increases further towards large
values. This explains the rapid rise of the magnitude of
top polarization with increasing ∆m for θt˜ = pi/2 and
θt˜ = 0, in the case of gluino decay. The case of stop
decay is also qualitatively similar, as seen from Fig. 2.
Fig. 3 (Fig. 4) show the top polarization as a func-
tion of the velocity of the gluino (stop) β¯ for different
choices of θt˜ and ∆mg˜ = mg˜ −mt˜1 (∆mt˜ = mt˜1 −mχ˜1).
From Eq. (32) we can see that the function I(β¯) re-
mains independent of β¯ for small values of β¯ (I(β¯) ∝
1/β2[1− (1− β2)(1 +O(β¯2))]) and falls as 1/β¯ for large
values of β¯ (> β). This can be seen clearly from Fig. 3
and Fig. 4. These figures also show that the value of
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FIG. 3. The top polarization as a function of velocity β¯ of the
gluino, for two different values of ∆mg˜ = mg˜ −mt˜1 : ∆mg˜ =
300 GeV (top) and ∆mg˜ = 1000 GeV (bottom).
∆mg˜/t˜ determines the value of β¯ at which the function
I(β¯) and hence the top polarization P(β¯) starts to fall as
1/β¯.
Some of the previous works [17–19] have pointed out
the need to consider the effects of kinematics on the top
polarization when it is measured in the lab frame,in cases
where the top is produced in the decays of heavy SUSY
particles. But our work is new in the sense that we have
given explicit expressions for the top polarization in the
case of gluino decay which has not been considered in
the literature so far. Although Ref. [19] has outlined the
method of obtaining the top polarization when the top is
produced in the decays of other particles, we feel that a
detailed deviation of the expression for top polarization
would serve to clarify the issues such as the absence of
dependence of top polarization on the direction of motion
of the decaying particle.
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FIG. 4. Top polarization as a function of the boost β¯ of the
stop, for two different values of the mass difference between
the stop and the neutralino (∆mt˜ = mt˜1 −mχ˜01): ∆mt˜ = 300
GeV (top) and ∆mt˜ = 800 GeV (bottom). The rest of the
parameters are the same as those in Fig. 2.
IV. TOP POLARIZATION IN pp COLLISIONS
Note that Eqs. (34) and (35) are at parton level. The
polarization of the top at the level of pp collisions can be
obtained by convoluting Eq. (34) and Eq. (35) with the
parton distribution functions of the proton. In the case of
gluino decay, this gives the top polarization PNW in the
pp collision as a weighted average over the parton center
of mass frame velocities of the gluino (similar expressions
hold for the case of stop decay):
PNW = 1
σg˜g˜
∑
q1,q2
∫
dx1dx2 fq1/p(x1)fq2/p(x2) σˆg˜g˜(sˆ)P(β¯)
(36)
where σg˜g˜ is the cross section for the production of a
gluino pair. The total cross section of the full process
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FIG. 5. Comparison of P0, PMC and PNW as a function of
∆mg˜ (top panel) and ∆mt˜1 (bottom panel) for
√
s = 13 TeV
LHC, and for the benchmark point BP3. The width of the
gluino (stop) is taken to be Γ = 5 GeV.
pp→ g˜t˜∗1b¯`ν is given by
σ(pp→ g˜t˜∗1b¯`ν) =
∑
q1,q2
∫
dx1dx2 fq1/p(x1)fq2/p(x2)
× σˆg˜g˜ B(g˜ → tt˜∗1) B(t→ b¯`ν) (37)
= σg˜g˜ B(g˜ → tt˜∗1) B(t→ b¯`ν).
Equation (36) can also be written in a different form:
PNW = 1
σg˜g˜
∫
dσ
dβ¯
P(β¯). (38)
The top polarization in the PCM and in the lab frame fol-
low the same formula. The top polarization in lab frame
can be derived without referring to the PCM frame by
considering the transformation mentioned in Section III
(see also Appendix A) [19]. The rotation matrix R of
Eq. (28) simply becomes, R = Ry(−ω). The expression
for ω the of the same form as the one the corresponding
to Eq. (34) except that β¯ is replaced by the velocity of
the gluino in the lab frame βlabg˜ . Equation (30) becomes,
in this case,
dσˆ
dx`d cos θt`
∝
∫
σˆg˜g˜
(
1 + P cosω cos θt`
)
x`(1− x`)dΩg˜t .
(39)
Following the same steps given in Section III B we get
Eq. (38) with β¯ → βlabg˜ .
We now present the numerical validation of our method
which is summarized by Eq. (38). We use MadGraph [51]
to generate events for the processes pp → g˜g˜ → tt˜∗1g˜
and pp → t˜1t˜∗1 → tχ˜01, followed by the decay of the top
through t → b¯`ν, for the three SUSY benchmark points
listed in Table. I. In these simulations, we artificially
vary the parameters like width, mass etc. but keep the
mixing of stop, and neutralino as constants.
We evaluate the top polarization using different meth-
ods for comparisons. Firstly, the top polarization is di-
rectly obtained from the MC simulation of the entire de-
cay chain and then using the formula [52]:
PMC = 2 N(p` · st < 0)−N(p` · st > 0)
N(p` · st < 0) +N(p` · st > 0) (40)
where p` is the momentum of the charged lepton from the
top decay and st is the longitudinal spin vector satisfying
pt ·st = 0 and st ·st = −1. The top spin vector is defined
in the frame in which the polarization of the top is defined
i.e., the frame of the chosen spin quantization axis of the
top.
Secondly, we use the convolution of Eq. (34) or Eq. (35)
with the distribution of β¯ obtained from the same MC
simulation to obtain PNW , Eq. (38). Note that the ana-
lytical expressions Eq. (34) and (35) assume the validity
of NWA and hence use on-shell mass of the other parti-
cle. This estimator gives an average of top polarization,
weighted by the cross section, over the events of a simu-
lation.
We first set the width of the decaying gluino/stop to
Γ = 5 GeV, justifying NWA. We expect that the result of
PMC and PNW should agree with each other. This is in-
deed shown by the top and bottom panels of Fig. 5 which
compare these two methods in the gluino and the stop
cases, respectively, as a function of ∆mg˜ or ∆mt˜. These
figures correspond to a pp center of mass energy
√
s = 13
TeV and the benchmark point BP3. The value of rest
frame top polarization P0 is also shown as a function of
∆mg˜ or ∆mt˜ for comparison. We can see that PMC and
PNW converges to P0 at large values of ∆mg˜/t˜1 . This
is expected, since the top is highly boosted in the rest
frame of the gluino/stop when ∆m is large, i.e. β ≈ 1.
Any boost of this frame β¯ which is less than β does not
affect the value of top polarization, since I(β¯) ≈ 1 with
β¯  β, Eq.(32)). This can be understood physically in
the following way: in this limit, due to its large mass,
gluino is produced with a small velocity β¯ ≈ 0. Hence,
we expect that the top polarization has to agree with its
value in the gluino rest frame. We do not show the cor-
responding figures for the other two benchmark points
as they do show the same good agreement between PMC
and PNW and convergence to P0 at large values of ∆mg˜
or ∆mt˜.
As an illustration of the case where the decaying
gluino/stop has a finite width, we show in Fig. 6 (Fig. 7)
the comparison of values of top polarization obtained
through PMC and PNW for the case where the gluino
(stop) has a width Γ = 200 GeV. In each figure, we
present results for two pp center of mass energies
√
s = 7
TeV and
√
s = 13 TeV and for a benchmark point BP1.
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FIG. 6. Comparison of top polarization, in the case of gluino
decay, evaluated in the three methods: PMC , PNW and PBW ,
for
√
s = 7 TeV(top) and
√
s = 13 TeV(bottom), as a function
of ∆mg˜. The width of the gluino is taken to be Γ = 200
GeV. The parameters other than mg˜,Γg˜ correspond to the
benchmark point BP1.
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FIG. 7. Comparison of top polarization, in the case of stop
decay, evaluated in the three methods: PMC , PNW and PBW ,
for
√
s = 7 TeV(top) and
√
s = 13 TeV(bottom), as a function
of ∆mt˜1 . The width of the stop and the other parameters are
the same as those of Fig. 6.
For the range of gluino/stop masses which are considered
here, the mother particle (gluino/stop) is mostly off-shell
when
√
s = 7 TeV and mostly on-shell for
√
s = 13 TeV.
Hence, we expect that the results of PNW may show de-
viation with those of PMC for the case
√
s = 7 TeV,
and expect better agreement between the two methods
for
√
s = 13 TeV. The figures Fig. 6 and Fig. 7 show
that this is indeed the case. We emphasize here that
our method PNW is only an approximation which should
work when the NWA for the mother particle is applica-
ble. However, we can modify PNW to include, at least
partly, the effects which arise from finite width of the
mother particle through a procedure which is explained
in the following section.
V. INCLUSION OF FINITE WIDTH EFFECTS
The validity of narrow-width-approximation, with ref-
erence to BSM physics, has been a subject of careful in-
vestigation [53–55]. We, on the other hand, take a simple
minded approach to address the presence of large widths
for the mother particles and test the validity of our mod-
ified estimator, PBW .
This estimator is obtained when the mass of the
mother particle is taken to be M2g˜ = p
2
g˜(M
2
t˜1
= p2
t˜1
),
where pg˜ (pt˜1) is the momentum of the mother, in place
of it’s on-shell mass mg˜(mt˜1). In addition to this, the
invariant mass is assumed to be distributed as a Breit-
Wigner-like distribution. In other words, the top polar-
ization is obtained by introducing an additional convolu-
tion over the mass of the decaying heavy particle:
PBW = 1
σXX
∫ M2max
M2min
dM2∆BW (M,m) (41)
×
∫
fq1/p(x1)fq2/p(x2)σˆXX,M (sˆ)P(β¯M )
where σˆXX,M (XX=g˜g˜ or t˜1t˜1) and β¯M are evaluated
for a gluino or a stop mass of M : β¯M =
√
1− 4M2/sˆ.
σXX =
∫ M2max
M2min
dM2∆BW (M,m) (42)
×
∫
fq1/p(x1)fq2/p(x2)σˆXX,M (sˆ)
The Breit-Wigner factor ∆BW (M,m) is given by
∆BW (M,m) =
1
(M2 −m2)2 +M2Γ2 . (43)
The limits of the integration viz., Mmin and Mmax can be
thought of as the minimum and the maximum mass of
the off-shell gluino and are specified usually in the form of
an integer (n) that represents the ‘distances’ of Mmax,min
from the on-shell mass in units of the width: Mmin,max =
mg˜ ± nΓg˜. The equation given above, Eq. (41) can also
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FIG. 8. Comparison of top polarization evaluated in the three
methods: PMC , PNW and PBW , as a function of ∆mg˜, for
two pp center of mass energies
√
s = 7 TeV(top),
√
s = 13
TeV(bottom), in the case of gluino decay. The width of the
gluino is taken to be Γ = 100 GeV. The parameters other
than mg˜,Γg˜ correspond to the benchmark point BP3.
be written as
PBW = 1
σXX
∫ M2max
M2min
dM2∆BW (M,m)
×
∫
dσXX
dβM
P(βM )dβM . (44)
We note that this procedure is, at best, only an approx-
imate one. In the case of gluino, there are additional
spin correlation between the production and decay of a
gluino pair, when the gluino is off-shell [56–58]. Equa-
tion (19), based on which the expressions Eq. (34) and
Eq. (35) have been derived, should be modified to include
the off-shell effects:∑
λ
u(p)u¯(p) = /p+m+
/l
2p · l (m
2 − p2), (45)
where l is a light-like four-vector and m is the physical
on-shell mass [58]. In the case of stop decay, we naively
expect that the inclusion of Breit-Wigner distribution for
the mass of the stop as given in Eq. (44) should be suf-
ficient, as the stop is a scalar. However, as we discuss
below, even in the case of stop decay, the top polariza-
tion calculated using Eq. (44) can deviate from the actual
value, at large values of ∆mt˜. In the previous section,
we have described the polarization PMC and PNW , as
given in Fig. 6 and 7, which correspond to cases where
the mother particle has a finite width. These figures also
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FIG. 9. Comparison of top polarization evaluated in the three
methods: PMC , PNW and PBW , as a function of ∆mt˜, for
two pp center of mass energies
√
s = 7 TeV (top),
√
s = 13
TeV(bottom), in the case of stop decay. The width of the stop
and the other parameters are the same as those in Fig. 8.
show the polarization PBW , Eq. (44). In the top panels
of Fig. 6 and 7 which correspond to the case
√
s = 7
TeV, one can clearly see the improvement one obtains
in PBW over the that of PNW . Although PBW differs
from PMC particularly for large values of ∆mg˜ (or ∆mt˜)
the difference is much smaller compared to the difference
between PMC and PNW . When the pp center of mass
energy
√
s is increased to 13 TeV, as shown on the bot-
tom panels of Figs 6 and 7, the three methods agree with
each other within a few percent. As mentioned before,
this is due to the increase in the relative contribution
of on-shell gluino/stop at
√
s = 13 TeV. The deviations
between the PBW and PMC also depend upon the bench-
mark point chosen. In Fig. 8 and Fig. 9 we have shown
the comparisons of the three methods for the benchmark
point BP3. In this case, the inclusion of an additional
convolution over a Breit-Wigner distribution of mother
particle mass, as in PBW does not improve the results of
PNW , for
√
s = 7 TeV. In fact, the difference between
PBW and PMC is greater than that between PNW and
PMC . On the other hand, for
√
s = 13 TeV, all the three
method agree, as they do in the previous cases. Hence,
we see that an inclusion of a convolution of Breit-Wigner
distribution for the mother particle mass alone does not
always lead to the actual value of top polarization. We
believe that the neglect of additional spin-correlations in
the case of gluino, as mentioned before, could be a source
of this discrepancy. This could also be the possible rea-
son for the discrepancy between PBW and PMC being
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particularly large for the case of gluino decay compared
to the case of stop decay. In view of the fact that for√
s = 13 TeV, all the three results agree, we propose
that we can stick to PNW rather than use PBW . In any
case, our method PNW is valid only when the contri-
bution of on-shell gluino/stop pairs to the cross section
dominates over the corresponding contribution from the
off-shell pairs. In these cases, we have already established
that PNW gives a reasonable approximation to the actual
Monte Carlo value of top polarization. The advantage of
PNW , though only an approximation, is that it allows for
a fast estimation of the top polarization, in any frame,
when the velocity distribution of the produced mother
particle alone is available. Detailed simulation of the de-
cay of the mother particle is then not necessary.
VI. SUMMARY
In this work, we propose a simple estimator to mea-
sure the polarization of the top produced in the decays of
heavy particles, in any frame, given its value in the rest
frame of the decaying particle. We quantify the kine-
matical factors that relate the top polarization in the
two frames. We find that the top polarization in the lab
frame depends only on the magnitude of the velocity and
not on the angles of emission of the mother particle in the
lab frame. The polarization estimators PNW and PBW ,
in the lab frame, are obtained by convoluting the expres-
sion for top polarization with the velocity distribution of
the mother particle in the lab frame.
The estimator PNW assumes mother particle to be on-
shell and yields values very close to the true one, PMC ,
when the mother particle has narrow width. For a wider
mother particle, we use PBW which includes the finite-
width effects by a convolution with Breit-Wigner distri-
bution of the mass of the mother particle. PBW works
better than PNW for stop with large width. For a wide
gluino also PBW works better than PNW when majority
of the events corresponds to the on-shell gluino. In the
case of a heavy and wide gluino, which is pre-dominantly
produced off-shell, both PNW and PBW can deviate from
PMC by an amount as large as 0.05 for specific mixing
angles. However, when the mother particle is dominantly
produced on-shell, as in the case of high pp center of mass
energy, these estimators can be used to obtain a fast and
accurate estimation of the top polarization in the lab
frame. In the case of gluino decay, we point out that the
polarization of the produced top can be used as a direct
probe of mixing angle in the stop sector, in the scenario
of a ’natural supersymmetry’.
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Appendix A: Rotation of helicity states under
Lorentz boosts
In this appendix, we derive the expressions for the
helicity rotation angles ω, χ that are mentioned in the
text. We denote the operators corresponding to rota-
tions and Lorentz transformations by R and L. The
same symbols denote the corresponding operations them-
selves. We denote the helicity states by |p, λ〉. Under a
Lorentz transformation L, the helicity states transform
as |p, λ〉 → L|p, λ〉 = |p′, 〉, with p′ = L p. The state
|p′, 〉 is a state with definite momentum in the Lorentz
transformed frame. It does not have a definte helicity in
this frame. Thee reason is that the helicity is not con-
served under a general Lorentz transformation. However,
it is conserved as long as the Lorentz transformation is
along the direction of motion of the particle. It is also
invariant under rotations. With this information, we try
to obtain an expression for |p′, 〉 in terms of the helicity
states |p′, λ′〉 of the new frame. We focus only on the
case of a massive particle.
Consider a helicity state |p, λ〉 of a particle with mo-
mentum p = (p0, |~p| sin θ cosφ, |~p| sin θ sinφ, |~p| cos θ) and
helicity λ, in a given frame. The following sequence
of transformation map the helicity state into a state
|m, sz = λ〉 in the rest frame of the particle:
L−1z (β = |~p|/p0)R−1y (θ)R−1z (φ)|p, λ〉 = |m, sz = λ〉
(A1)
where sz denotes the eigenvalue of the z-component
of spin operator ~S. The sequence of two rotations
R−1y (θ)R
−1
z (φ) bring the direction of momentum of the
particle to the z-axis and the Lorentz transformation L−1z
takes the resulting state ||~p|zˆ, λ〉 to a state in the rest
frame of the particle which we take as the eigenstate of
Sz operator. We can also invert this equation and write
helicity state of the particle in terms of |m, sz = λ〉:
|p, λ〉Rz(φ)Ry(θ)Lz(β = |~p|/p0)|m, sz = λ〉. (A2)
We regard this expression as the definition of the helicity
state of the particle. For convenience we define the se-
quence of operations on the right hand side of the above
expression as an operation h(p):
h(p) ≡ Rz(φ)Ry(θ)Lz(β = |~p|/p0). (A3)
We now turn to the case of the top quark produced in
the decay of a gluino. The parton center of mass (PCM)
frame, as mentioned before, can be reached from the top
rest frame (t rest) with the following transformations:
t - rest
h(pPCMt )−−−−−→ PCM (A4)
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where pPCMt denotes the momentum of the top in the
PCM frame. This transformation maps the states
|m, sz = λ〉 in the top rest frame to the top helicity states
in the PCM frame. There is no change in the helicity of
the top quark, in this transformation.
|pPCMt , λ〉 = h(pPCMt )|m, sz = λ〉. (A5)
Now the same PCM frame can also be reached from the
top rest frame through the following sequence of trans-
formations:
t - rest
h(pg˜t )−−−→ g˜ - rest h(p
PCM
g˜ )−−−−−→ PCM. (A6)
where pg˜t and p
PCM
g˜ denote the momenta of the top in
the gluino rest frame and the momentum of the gluino
in the PCM frame respectively. We denote the velocity
and the angles of the gluino in the PCM frame by β¯,
θg˜ and φg˜ as in the main text. The above expression
means that we first go to the gluino rest frame through
the helicity preserving transformation h(pg˜t ) and reach
the PCM frame by h(pPCMg˜ ) ≡ Rz(φg˜)Ry(θg˜)Lz(β¯). Note
that in the transformation from the gluino rest frame to
the PCM frame, the Lorentz transformation Lz(β¯) acts
along the z-direction while the top with pg˜t is moving at
an angle θ to the z-axis. This Lorentz transformation
does not preserve the helicity of the top. The following
transformations are just rotations which do not further
affect the helicity state of the top. As a result, the helicity
state of the top obtained through the transformations
of Eq. (A5) and those obtained through Eq. (A6) are
different. Now,
h(pPCMg˜ )h(p
g˜
t )|m, sz = λ〉 = |pPCMt , 〉 (A7)
as in Eq. (A1). Inserting h(pPCMt )h
−1(pPCMt ) = 1 in
Eq. (A7), we get,
h(pPCMt )
[
h−1(pPCMt )h(p
PCM
g˜ )h(p
g˜
t )
]
|m, sz = λ〉 = |pPCMt , 〉.
(A8)
Now, we can easily see that the terms in [· · · ] corre-
spond to a rotation (R) in the rest frame of the top
quark, since these set of transformations map ptt =
(m,~0) to itself: h(pg˜t )p
t
t = p
g˜
t , h(p
PCM
g˜ )p
g˜
t = p
PCM
t and
h−1(pPCMt )p
PCM
t = p
t
t = (m,~0). Since,
R|m, sz = λ〉 = Rλ,λ′ |m, sz = λ′〉 (A9)
with Rλ,λ′ being the elements of this rotation matrix, we
get, from Eq. (A8),
|pPCMt , 〉 = h(pPCMt )Rλ,λ′ |m, sz = λ′〉 = |pPCMt , λ′〉.
(A10)
Hence, the effect of the sequence of transformations
h(pPCMg˜ ) on the helicity states of top |pg˜t , λ〉 is equiva-
lent to a rotation in the helicity states of the top in the
transformed frame. The rotation R is given by the fol-
lowing expression:
R = h−1(pPCMt )h(p
PCM
g˜ )h(p
g˜
t ) (A11)
This expression is difficult to evaluate. We can break
down this rotation into a product of two rotations by in-
serting h(p′t)h
−1(p′t) = 1 where p
′
t is momentum of the
top in an intermediate step in the transformation from
gluino rest frame to the PCM frame: p′t = Lz(β¯)p
g˜
t . Note
that pPCMt = h(p
PCM
g˜ )p
g˜
t = Rz(φg˜)Ry(θg˜)Lz(β¯)p
g˜
t =
Rz(φg˜)Ry(θg˜)p
′
t. With this, the expression for R be-
comes,
R =
[
h−1(pPCMt )h(p
′
t)
] [
h−1(p′t)h(p
PCM
g˜ )h(p
g˜
t )
]
. (A12)
By a direct computation, we can establish that the two
terms correspond to rotations about the z-axis and y-
axis in the top rest frame, respectively, through angles
χ and ω. R = Rz(χ)Ry(ω). The expressions for χ and
ω are given below. In these expressions, Eq. (A13) and
Eq. (A14), pg˜t is given in terms of its velocity β, and the
angles θ and φ in the gluino rest frame (the subscripts
and the superscripts have been dropped) and the angles
of pPCMt by θ
′′ and φ′′. The gluino momentum pPCMg˜ is
given in terms of its velocity β¯ and the angles θ¯ and φ¯ in
the PCM frame (the subscript and the superscript have
been dropped).
cosω =
(β + β¯ cos θ)√
β2 + β¯2 − β2β¯2 sin2 θ + 2ββ¯ cos θ
, (A13)
sinω =
β¯ sin θ
γ
√
β2 + β¯2 − β2β¯2 sin2 θ + 2ββ¯ cos θ
,
and
cosχ = cosφ cos ∆φ− sin ∆φ cos θ¯ sinφ, (A14)
sinχ = − sin ∆φ sin θ¯
√
β¯2 + β2 − β¯2β2 sin2 θ + 2β¯β cos θ√
1− β¯2β sin θ
,
where ∆φ = φ¯− φ′′.
The lab frame can be reached from the top rest frame
by following two transformations:
t - rest
h(pg˜t )−−−→ g˜ - rest h(p
l
g˜)≡Rz(φlg˜)Ry(θlg˜)Lz(βlg˜)−−−−−−−−−−−−−−−−−−→ lab
(A15)
and the helicity preserving one,
t - rest
h(plt)≡Rz(φlt)Ry(θlt)Lz(βlt)−−−−−−−−−−−−−−−−−→ lab. (A16)
In these expressions, the quantities which are defined in
the lab frame are denoted by a superscript l. The helicity
states of the top obtained from |m, sz = λ〉 in the rest
frame of the top through the transformation of Eq. (A15)
is different from those obtained through the transforma-
tion of Eq. (A16). Using h−1(plt)h(p
l
t) = 1 and following
the same steps as in the previous case, we obtain
h(plg˜)h(p
g˜
t )|m, sz = λ〉 = |plt, 〉 = Rλ,λ′ |plt, λ′〉 (A17)
with R = h−1(plt)h(p
l
g˜)h(p
g˜
t ). This is of the same form
as Ry = h
−1(p′t)h(p
PCM
g˜ )h(p
g˜
t ) of Eq. (A12). Hence, the
expressions for the rotation angle ω , in this case, can
be obtained from Eq. (A13) through the replacement:
β¯ → β¯l.
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